Abstract. Let A [[n]] denote the 2(n − 1)-dimensional generalised Kummer variety constructed from the abelian surface A. Further, let X be an arbitrary smooth projective surface with X c 1 (X) 2 = 0, and X [k] the Hilbert scheme of zero-dimensional subschemes of X of length k. We give a formula which expresses the value of any complex genus on A [[n]] in terms of Chern numbers of the varieties X [k] .
Introduction
The two main series of irreducible holomorphic symplectic complex manifolds are Hilbert schemes of points on a K3 surface and generalised Kummer varieties invented by Beauville [1] . One can ask for their complex cobordism class tensored with É, which is given by the values of all their Chern numbers.
In [4] Ellingsrud, Göttsche and Lehn proved that the complex cobordism class of a Hilbert scheme X
[n] of zero-dimensional subschemes of length n on a smooth projective surface X over the complex numbers depends only on the cobordism class of the surface X, i.e. on c 1 (X) 2 and c 2 (X) (here and later on, top intersections on surfaces are to be understood as intersection numbers). They showed how this result can be used to calculate the Chern numbers of any such Hilbert scheme X [n] if one knows the Chern numbers of the varieties (È 2 )
[k] and (È × È) [k] , which in turn can be calculated by means of Bott's residue formula.
Therefore, the Chern numbers of the Hilbert schemes of points on a K3 surface can be efficiently calculated though now explicit formula is known. These numbers can, for example, be used to check the conjecture of [3] about the elliptic genus of the Hilbert schemes X
[k] where X is a K3 surface (see [4] Using the theory of Rozansky-Witten invariants, Sawon [12] produced a further relation that allowed him to compute all the Chern numbers for n ≤ 5. The Chern numbers of A [[6] ] were calculated by M. Britze and the author in [2] . J. Sawon informed us that he also had computed these numbers. However, all these methods are not sufficient to compute the Chern numbers for n > 6.
We will give a closed formula describing the value of any complex genus on a generalised Kummer variety in terms of genera of the Hilbert schemes of points on a fixed surface X with c 1 (X) 2 = 0. Since these are computable by means of Bott's residue formula for X being the projective plane È 2 we can compute the Chern numbers of A [[n] ] for any n. We have done this for n ≤ 8 (see appendix).
The generalised Kummer varieties
Let X be a smooth projective surface over the field of complex numbers. For every nonnegative integer we denote by X
[n] the Hilbert scheme of zero-dimensional subschemes of X of length n. By a result of Fogarty [7] , this scheme is smooth and projective of dimension 2n. It can be viewed as a resolution ρ :
The morphism ρ, sending closed points, i.e. subschemes of X, to their support counting multiplicities, is called the Hilbert-Chow morphism.
Let us briefly recall the construction of the generalised Kummer varieties introduced by Beauville [1] . Let A be an abelian surface and n > 0. There is an obvious summation morphism A (n) → A. We denote its composition with the Hilbert-Chow morphism ρ : Proposition 1. The n th generalised Kummer variety is a smooth projective holomorphic symplectic variety of dimension 2(n − 1).
Since A acts on itself by translation there is also an induced operation of A on the Hilbert schemes A [n] . Let us denote the restriction of this operation to the generalised Kummer variety by ν :
The following diagram is a cartesian one:
Here, n : A → A, a → na is the (multiplication by n)-morphism. It is a Galois covering of degree n 4 . Therefore, also ν is a Galois covering of degree
. This construction appeared in [4] and [2] . By
] is a homorphism of groups. Of course, the process going from L to L n can also be done if A is replaced by any smooth projective surface X.
It can be shown, that
Complex genera in general
Let Ω := Ω U ⊗ É denote the complex cobordism ring. A complex genus φ is a ring homomorphism φ : Ω → R into any ring R. It is result of Milnor ([11] ) that the complex cobordism ring is a polynomial ring of the cobordism classes of the complex projective spaces. The R-valued complex genera are in one-to-one correspondence with the formal power series
] over R with constant coefficient 1. The correspondence is given as follows:
where X is any complex manifold of dimension n and γ 1 , . . . , γ n are the Chern roots of X. Therefore, the cobordism class of a manifold is determined by the values of its Chern numbers (take φ = id Ω : Ω → Ω). By Milnor's result, the converse is also true, i.e. the cobordism class determines the Chern numbers. Now, let us slightly generalise the notion of a genus.
Definition 2. Let φ be a complex genus. For a complex manifold X together with a line bundle L on X we define
as the genus φ of the pair (X, L).
Example. If td(X) denotes the Todd genus of X, and χ(X, L) the holomorphic Euler characteristic of the line bundle L on X, we have by the Hirzebruch-Riemann-Roch theorem that
The genera of pairs (X, L) have the following properties, which follow directly from the appropriate properties of Chern classes/roots. Remark. We have φ n (X) = φ(X, K −n X ) for any integer n where K X is the canoncical line bundle on X.
Complex genera of Hilbert schemes of points on surfaces
In this section we want to cite some of the results of [4] and give some corollaries which will be used later on.
Let X be a smooth projective surface. Following [4] , we define
as an invertible element in the formal power series ring Ω[[z]]. Analogously we define
where A is any abelian surface. The cobordism class does not depend on the choice of A since the generalised Kummer varieties deform with A. We can reformulate our task to determine the Chern numbers of the generalised Kummer varieties by asking: What is the value φ(K) ∈ R[[z]] for any complex genus φ : Ω → R.
There are various tautological bundles on X [n] (cf. [10] ). The construction is as follows: Since X
[n] represents a functor there is a universal family Ξ n ⊆ X [n] × X. Let us denote by O n its structure sheaf. For any locally free sheaf F on X we define the sheaf
, where p : 
Proof. First note that for k = 1 the statement of the theorem is just Theorem 4.2 of [4] for the case of line bundles with Ψ (in the notation of [4] ) being the Chern character of the m th 1 power of the determinant.
Theorem 4.2 of Ellingsrud, Göttsche and Lehn and the proof presented by them can be easily generalised for more than one bundle, i.e. for k > 1. Therefore, our lemma as a specialization of this generalization is proven.
From the lemma we conclude the following: Proposition 3. Let φ : Ω → R be a genus. Then there exist uniquely determined universal power series
Proof. As noted in section 5 of [4] , we have
Therefore by the previous lemma,
for certain power series A i,j , B i , C, D independent of X and L. Since c 1 (O X ) = 0 this proves the proposition with
It is possible to express the power series A φ in terms of genera of Hilbert schemes of points on surfaces: Proposition 4. Let φ : Ω → R be any genus. For every smooth projective surface X,
Proof. In [9] it is proven that the canonical bundle of X
[n] is K n where K denotes the canonical bundle on X.
Using this we have by proposition 3 that
for all integers m, which proves the proposition.
Complex genera of the generalised Kummer varieties
In this section we will relate the (generalised) complex genera of Beauville's generalised Kummer variety to the complex genera of Hilbert schemes of points on surfaces, which we studied in the previous section.
The first step in this direction is the following:
Proposition 5. Let φ : Ω → R be a complex genus with values in the ring R. For every abelian surface A together with a line bundle L on it we have
for all positive integers n.
Proof. We will make use of (2.2). Recall that ν is a Galois covering of degree n 4 . By proposition 2 we have
which proves the theorem once we have showed that φ(A,
This follows from the fact that the Chern classes of an abelian surface are trivial:
where we used that f φ is a power series with constant coefficient 1. (see [4] ) we get the mentioned result of [2] as a corollary of the previous theorem:
Proof. By lemma 5.1 of [4] we have
Using this, the corollary follows from the theorem applied to the case for φ being the Todd genus (remember example 3). Also note that χ(A, L) = However, it is still possible to make use of the theorem. We have to look at all generalised Kummer varieties at the same time. Doing this we get the following main result of this work: Theorem 5.2. Let φ : Ω → R be a complex genus with values in the ring R. For every smooth projective surface X with X c 1 (X) 2 = 0,
Proof. Let L be any line bundle on A. We have
which together with proposition 4 proves the theorem, since there are line bundles on A with c 1 (L) = 0.
Remark. Of course, everything still holds true if we replace the abelian surface A from which we constructed the generalised Kummer varieties, by an arbitrary complex torus of dimension two.
